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Abstract 

Generalizing the case of the usual harmonic oscillator, we look for 
Bargmann representations corresponding to deformed harmonic oscil- 
lators. Deformed harmonic oscillator algebras are generated by four 
operators a,a\N and the unity 1 such as [a, N] = a, [a^, A^] = —a^, 
a^a = ip{N) and aa^ = ip{N + 1). We discuss the conditions of ex- 
istence of a scalar product expressed with a true integral on the space 
spanned by the eigenstates of a (or a^). We give various examples, 
in particular we consider functions ip that are linear combinations of 

J s-nd unity and that correspond to q-oscillators with Fock- 

representations or with non-Fock-representations. 



1 Introduction 

The harmonic oscillator Lie-algebra is defined by four operators : the anni- 
hilation operator a, the creation operator , the energy operator and the 
unity 1 satisfying the following commutation relations : 

[a,N] = a, [a\N] = -a^ (1) 

and 
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[a,a)] = l (2) 
where is the adjoint of a and N is self-adjoint. 

This algebra has been deformed in many different ways (see in particular [|^], 
[0]' 0' 01' H]' HI ) ^^'-^ representations of the deformed algebras were 
widely studied. In this paper, the deformed harmonic oscillator is defined by 
the relations (|1]) and by the following relations between the three operators 
a, and A^: 

a^a = ij{N), aa) = ^l){N + l) (3) 
where ^ is a real analytical function. 

In the other formulations encountered in the literature, is replaced by : 

[a,at] = /(iV,g) (4) 

or 

[a, a)]q = aa^ — ga^a = fq{N, q) (5) 

In these approach, the function is not given but results of solving the 
equations : 



/(iV,g)=V^(iV+l)-^(iV) or /,(iV, g) = ^(iV + 1) - g^(iV) (6) 

The resolution of these equations leads to some arbitrariness that is elimi- 
nated in our formulation, / and fq being uniquely determined in terms of 
^. 

Let us give some examples : 

- the usual harmonic oscillator defined by f{N) = 1 corresponds to ipusuai{N) = 
N + a. 

- the q-oscillator [Q) defined by fq{N,q) = corresponds to 

^qosciN) = - q-') + ag^/(g - q-'),\/a. (7) 

- the q-oscillator defined by fq{N, q) = 1 corresponds to 

i^'iN) = {1 - q)-' + aq"" ,W. (8) 
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- with the usual notation 



the function ^psuq(2){N) = a - [N - 1/2]^, Va, corresponds to f{N) = -[2N]; 
that is to the deformation sUq{2) of the Lie-algebra su{2) after the identifi- 
cation a = L_, = L_|_ and = N. 
- sug{l, 1) is obtained for the ipsuq{i,i){N) = -ipsuq{2){N). 
Generalizing the pioneer work of Bargmann for the usual harmonic oscilla- 
tor, the purpose of this paper is to study if the deformed harmonic oscillator 
defined by (|^) and (|^) admits representations on one space of complex vari- 
able functions. In 0, we restricted to the case where the function ifj does 
not vanish. The scalar product of the representations we are looking for, is 
written with a true integral as in (0], p], 0, ||10|, |Tl[|, [0 ) and contrarily 
to the works of ( 0, 11, [ll, p|, JTl) where a q-integration 

occurs. 

In section 2, we recall how to build the irreducible representations on the basis 
of the eigenvectors of A^. They are determined by the spectrum of which 
is depending on the zeros of ip. Then, in section 3, we discuss the existence 
of the coherent states that are defined as the eigenstates of the operators a 
(or a^). In section 4, we study the possibility of Bargmann representations. 
The formulation of the problem is done in a general framework. We show 
on various examples how the construction works : section 5 is devoted to 
strictly positive function if) , other cases are considered in section 6. 



2 Representations 



Let I > be the eigenvector of with eigenvalue /x. We built the normalized 

vectors | n > 

I ^ >= I A„a- I >, ne N- ^^^^ 

with 
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iV+ and N~ are the set of integers > and < 0. 

The vectors | n > are the eigenvectors of N with eigenvalue /i + n and span 
the Hilbert space Ti. As < n | aa^ | n > is necessarily positive or zero, the 
construction of the increasing states stops if it exists an integer such that 

^/^(/i + z/+ + l) = (12) 

in which case the representation labelled by ^ and admits a highest weight 
state I >. We have an analogous situation for the decreasing states built 
with a, when it exists an integer z/_ such as iplfi+u^) = 0. The representation 
labelled by /i and z/_ then admits a lowest weight state | >. 
We get different types of representations 0,0], : 
1)^ has no zero. 

The inequivalent representations are labelled by the decimal part of fi and 
are defined by : 

: (V'(yU + n + l))^/2 I 1 > 

l^ll2 + n)y/^ \n-l>, neZ (13) 
{fi + n) \ n > 

The spectrum of A^, SpN, is fi + Z. The operator N has no lowest and 
no highest eigenstates. These representations, thus, are non equivalent to 
Fock-representations and are called non-Fock-representations ||20[ [^. It is 
the case when ip is equal to ipqosc with q G [0, 1] and a < 0. 
An interpretation of this case |T2| is obtained by identifying the states | n > 




to the functions on a circle. 
2) tp has zeros. 

We are interested in the intervals where ip is positive : 
a) finite intervals 

We can associate a representation to the intervals that have a length equal 
to an integer. 

The spectrum of A^ is [/i + z/_, /i + z/+] ClZ + fi. 

For example, in the case ipsuq{2}, when cr = [/ + 1/2]^, / being a positive 
integer, the dimension of the representation is 2/ + 1 and verifies 



a 



t|/,m> = ([/ + i]2_[^+i_l]2)i |/,r7i+l> 
a\l,m> = ([/ + i]2_[^_i]2)||/^^_i> (14) 
N \ Lm > = m \ Lm > 
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b) infinite intervals 

The representations are similar to the Fock-representation of the usual har- 
monic oscillator. 

The spectrum of is /i + z/_ + A^"*" or + z/+ + . 
Let us give an example : 

when ip is equal to ipqosc with a = 1, we recover the usual q-oscillator case 
such as 

(a) \ n>= [n + 1]^/^ \n + l> 
a\n>= [nY/^\n-l>, neZ+ (15) 
I n >= n \ n> 

The first step to build a Bargmann representation requires to study the 
coherent vectors. 



3 Coherent states 

We call coherent states [^], the eigenvectors of the operator a or 

The state \ z >= Cp | p > is an eigenvector of a if the coefficients Cp verify 

the recursive relation 



2;cp = ^(/i + P+ l)^/^Cp+i (16) 

- When the spectrum of A^ is upper bounded, (|TB|) implies that all the Cp 
vanish and then that a has no eigenvectors. 

If we look for the eigenvectors of a^, the situation is analogous : has no 
eigenvectors if the spectrum of A^ is lower bounded. Therefore, in the case 
(2. a) of the previous section as the spectrum of A^ is finite, a and have no 
eigenvectors , hence no Bargmann representation exists. 

- When the spectrum of A^ is no upper bounded, the eigenvectors | ^ > of a 
take the form : 
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when SpN = Z + jj,, 

I z >= En=-, ^"(^(/i + n)\y/' \n>+ En=o I n >, 

when SpN = u_ + n + A^+, 

\z>= En=-i ^"(^(/i + ny.y/' \n>+ S^=o I n >, J^- < 

I ^ >= En=. z^'i^ifi + n)!)-i/2 I n >, z/„ > 

(17) 

with the convention ip{fJ^)\ = 1. 

The domain D of existence of the coherent states depends on the function ip. 
Indeed, | z > belongs to the Hilbert space spanned by the basis | n > only if 
the series in the left hand side of (|17|) are convergent in norm. 

- When SpN = Z + , this implies that : 

\ z \< limp^oo^ipy/^ = r2 (18) 



and 



z \> limp_,^^^{py^^ = ri (19) 



Thus when r2 = 0, the annihilation operator has no eigenvectors. 
When ri is smaller than r2, the eigenstates of a exist and their domain is 
ri <| z \< r2- When ri is larger than r2, the annihilation operator a has 
no eigenstates, but then we can establish by analogous reasoning that the 
creation operator has eigenstates if ri ^ 0. 

- When the spectrum of is lower bounded, SpN = fj, + u_ + N^ , the second 
condition (|1^) does not exist and the eigenstates of a always exist provided 
r2 7^ 0; their domain is defined by | z |< r2. 



When the spectrum of is upper bounded, SpN = /i + z/+ + A^~, the 

eigenvectors of exist only if | 2; |< ri. 

To summarize, the eigenvectors of a exist if : 
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- SpN = n + Z and = '?/^(+oo) > = ip{—oo), the domain of existence D 
of the coherent states is D = {z;ri <\ z \< or 

- SpN = + + A^+, then D = {z; \ z \< ra} . 
The eigenvectors of exist if : 

- SpN = fi + Z and r2 < ri, then D = {z; r2 <\ z \< ri} or 

- SpN = + + N-, then D = {z; \ z \< ri} . 

The part plays by a and being analogous, in the following we restrict to 
the case where the eigenstates of a exist that is : 

- ip is a strictly positive function with ri < r2 

- 3xo such as ip{xo) = and ipi^) > when x > xq. 
We do not study here the case where ri = r2. 

Although /i is a significant quantity as labelling inequivalent representations, 
it does not play a part in the present problem. So we simplify the notation in 
assuming /i = from now on. Indeed, this is equivalent to substitute N — fj, 
to N and ipi,{N) = ^(/x + A^) to ip{N). 



4 Bargmann representation 
4.1 Representation space 

Following the construction |^, in the Bargmann representation any state 
I / > of 7^ : 

l/>= E M^>' E \fn \'< 00 (20) 

n&SpN nGSpN 

is represented as the function of a complex variable z, f{z) =< z \ f >, with 
a Laurent expansion : 



\ En>o + E„<o^"/n(^(r^)!)^/^ SpN = Z, 

En>o^g{f7I + E:<o^"/n(^H!)^/^ SpN = u^ + N+, u.<0, 

En>u. ^"/„(^(n)!)-V2, SpN = z/_ + N+, z/_ > 0, 

(21) 
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on the domain D of definition of the eigenvectors of a, ri <| z |< r2- The 
space of the representation S is constituted with holomorphic functions in 

strongly depending on ip ( cf. subsection (4.3)). 
In particular, to the basis vectors | n >, n G SpN , correspond the monomials : 

- 1 _ / 2"(V^(n)!)-i/2, n > , . 

< ' ^~ \ z''{ij{n)\fl\ n < ^ > 

4.2 Resolution of unity 

A Bargmann representation exists if we can exhibit a positive real function 
F{x) such as 

j F{zz) \z><^\ dzdz = 1 (23) 

where the integration is extended to the whole complex plane and where 
F{\ z p) contains the characteristic function of the domain D of existence of 
the coherent states. Denoting z = pe*^, Equation (p3D reads : 

— / F(p2)rfp2 I p^-^e p^^e 1^ 1 (24) 



/o 2 

From the resolution of unity (|23|), we obtain the scalar product in S : 



{g\f)= F{zz)f{z)g{z)dzdz (25) 



and the representation of any linear operator K of 7^ by the kernel /C(C, z) 
< C, \ K \ 'z > such as : 



{Kfm = J F{zz)lC{C,z)f{z)dzdz (26) 



4.3 Reproducing Kernel 

Let G{x) be the function : 



r En>oa:"(V'(^)!)"' + E„<oa;Xn)! SpN = Z, 
Gix) = \ En>oa;"(V'(^)!)"' + E^<oa:Xn)!, SpN = u_ + m , z/_ < 
[ En>^_ a;"(V'(n)!)-i, SpN = u_ + N+ , z/„ > 

(27) 
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We easily verify that G{(z) =< ^ | C >, so that G{(z) is the function of S 
representing the coherent state | C >• The function G{x) plays a prominent 
part for, if ( PBD should be true, we will have 

J F{zz) <C\^><z \ f > dzdz =< C I / > (28) 

and G(C^) appears to be one reproducing kernel. 
Moreover, we get from the Schwarz inequality : 

I f\z) \<\ f \'/'\ G{zz) \^'^ (29) 

Thus, S is the set of holomorphic functions the growth of which on the edge 
of D, is controlled by the growth of | G{x) |^/^. 

We easily prove that, in the Bargmann representation, is the multiplication 
by z and is the operator zd/ dz, as in the usual case, while a is the operator 
z~^ilj{zd/dz). As G{(^z) corresponds to the coherent state | C >? we obtain 
for G the following equation 

xG(x) = ^(x^)G(x) (30) 
dx 

which could be obtained directly from the expansion (|27|). 



4.4 Weight Function 

Let us introduce the Mellin transform F{p) of the weight function F{x) : 

9 

F{p) = / F{x)xP-^dx = / ' F{x)xf-^dx (31) 

Jo Jrl 

From (^) and (p3D, we deduce that F{x) must verify the following condition : 



^ ^ ~ \ (^(n)!)-i, n<0 ,neSpN 
Let us remark that 

F{p) < F{n) + F{n + l), n < Rep < n + 1 (33) 

as F{x) is a positive function. As the Mellin transform of F exists for all the 
integers belonging to the spectrum of A^, then, due to (pSf), it exists for any 
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p such as Rep is greater than the lowest bound z/_ of SpN ^ z/_ can be finite 
or — oo. 

Formula (^^p is equivalent to 

F{n + 1) = 7/;(n)F(n), with F(l) = 1 (34) 

which ensures that the operators = z, a = z~'^ip{zd/ dz) be adjoint on the 
basis \n >. 

The function if) being given, F verifying must be interpolated in order 

to get F as the Mellin inverse of 

Equation (|3^) can be obviously interpolated by : 

F(p+l)=^(p)F(p) (35) 
Any other interpolation of F{n) is obtained by : 

F,(p) = F{p)h{p) (36) 

where F{p) is some solution of (|35D and where h{p) is equal to 1 on the 
spectrum of N . 

In order to tackle the discussion on the existence of a Bargmann representa- 
tion, we first state the following lemmas : 

Lemma 1 : If there exists one particular solution of (|35| ) which does not 
admit a Mellin inverse, the same holds for every solution of (|35[) . 
Proof : Two solutions of ( P3[ ) differ by a multiplicative factor k{p) which is 
a periodic function of period 1 : 

Hp + 1) = Hp) (37) 

Let F{p) be one particular solution of (p5|), without Mellin inverse. We 
cannot find k{p) such as k{p)F{p) has a Mellin inverse. Indeed, the behavior 
of k{p) at infinities on a parallel to the imaginary axis must compensate the 
corresponding bad behavior of F{p). This implies that k{p) has a Mellin 
inverse k{x). Then from Equation (^7]), we obtain that k{x) must verify 

xk{x) = k{x) (38) 

and then k{x) is equal to M(a; — 1), so that k{p) is a constant in contradiction 
to the assumption that k{p)F{p) have a Mellin inverse. 
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Lemma 2 : If h{p) is equal to 1 on SpN and admits a Mellin inverse h{x), 
h{p) is the identity. 

Proof : Let us assume that SpN contains . Then we have : 

h{n + 1) = / h{x)x'^dx = 1 (39) 
Jo 

From this equation, we easily deduce : 

/ h{x)ef"'dx = e" (40) 
Jo 

so that h{x) = 6{x — 1) and h{p) = 1. 

The same method works when SpN = z/_ + A^"*", z/_ > 0. 

Discussion : 



1) If there exists a solution of with a positive Mellin inverse, our problem 
is solved. 



2) If we exhibit a solution of (^51) without Mellin inverse, we know from 
Lemma 1 that no solution of (^) with Mellin inverse exists and from Lemma 
2 that these solutions cannot be corrected by a suitable multiplicative factor. 

3) If there exists a solution of ( pSj) with a Mellin inverse not strictly positive 
on D, we cannot conclude, for we cannot ensure this solution cannot be 
improved by a suitable multiplicative factor leading to positivity. 
Therefore, a Bargmann representation can be obtained only if there exist 
solution of ( p5| ) with Mellin inverse, so that the interpolation problem (p^) 
is completely solved by (^Sj) precisely. 

Concerning the remaining positivity condition, let us point out that it will 
be satisfied if ipip) is such that ip{p + isigma) is a definite positive function 
of a for any p G SpN. This can be proved by an adaptation to the Mellin 
transform of the well-known Bochner theorem for Fourier transform. But 
this condition on ipip) is only a sufficient condition as it is readily seen from 
the counter-example of the usual oscillator : iplp) = p. 
Therefore, the only interpolation of (|34D to be considered in the following is 
precisely the simplest one, namely (|55D. 

Remains one case where we cannot conclude, namely when the Mellin inverse 
of the solution of (|3^ exists but is not positive on D, we cannot ensure that 
the result can be improved by a suitable factor leading to the positivity. 
To summarize, a Bargmann representation can be defined on a deformed 
harmonic oscillator algebra if the coherent states exist and if it exists at least 
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one solution of ( pSj ) with a positive Mellin inverse on D. 
Furthermore, let us remark that (|35|) can be written : 

J F{x)xPdx = J F{x)ip{xd^ + l)xP-^dx (41) 

The right member is equal to / {ilj{—xdx)F{x))x^~^dx if the integration by 
parts (or the change of variables) can be done without extra terms and this 
gives : 

xF{x) = ip{-x-^)F{x) (42) 

This equation, when it holds, can be used to study the positivity of F{x), 
when we cannot obtain an explicit expression for this function. 
In the next section P] , we restrict to strictly positive ip and to F solution 
of (1^, fast decreasing at infinity and at the origin. 

In section 6, we illustrate the construction of Bargmann representation with 
specific vanishing functions ip, in particular we discuss the cases of the q- 
oscillators, looking for a resolution of the identity involving a true integral. 

5 i/j strictly positive 

In this section, the eigenvalues of N are all the integers. The coherent states 
lie in the whole complex plane, except the origin, in the two first subsections 
and in a ring in the last one. 

5.1 the q-oscillator 

The function ip associated to the q-oscillator (|^) is strictly positive if g < 1 
and 0" < 0. We easily see that when a 7^ 0, the coherent states do not exist. 
Let ipx^q{N) be equal to Ag~^, g < 1, A > 0. When A = (g~^ — l), we get the 
function ipgosc for o" = previously introduced and corresponding to the q- 
oscillator algebra (|^) with non-Fock representation and with coherent states. 
Let us remark that this function also corresponds to aa'^ = q~^a^a. 
In this case, the functional equations (pSj): 

FxAp+^) = M''hAp) (43) 
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and 



xFx^gix) = XFygiqx) (44) 

are equivalent for Fx^q{x) has to be fast decreasing at infinity and at the 
origin . 

Introducing In Fx,q{p), we solve the resulting equation in terms of first and 
second Bernouilli polynomials so that we get the particular solution : 

Flip) = exp (p In A - i (p^ - p) In (45) 
Taking the inverse Mellin transform, we obtain the following particular solu- 



tion of (HI) [12 



. ^ f\n\x\-^) ln(xA-i)\ 



The general solution of (^ID is given by : 



FxA^) = Fl{x)h,,,{x) (47) 
where hx^q{x) is a function satisfying 

h\,q{x) = hx,giqx) (48) 

that is a periodic function of Inx/ In q of period 1. We verify directly that up 
to a constant the momentums M{n) of F^^x) are well equal to A^"g~"^"''"^''/^ 
for n G as wanted, and this is yet true for Fx ^^x) given in ( ^7\ ) as implied 
by the definition of hx,q{x). 

As the absolute value of a solution of equation ( P8| ) is also a solution, the 
function hx.q{x) can always be taken strictly positive. Nevertheless, there 
exist an infinite number of hx,q{x), in particular all the powers of any solution, 
so that we get a lot of candidates to define the norm we are looking for. 
But mutatis mutandis, the situation is analogous to that initially studied by 
Bargmann and we can extend the largest part of its proof. 
Particularly we can prove that the set S of holomorphic functions under 
consideration is the set of functions f{z) such that : 

\m\<C exp(-i^-M-l))x 

i:;-exp(lM(M£^ + n+i)'^ ^''^ 
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The representation Hilbert space is the Hilbert space defined on S by 

if,g)F = J F^^,{zz)g{z)W)dzdz (50) 



where F\^q[z'z) is a positive function of the form given in equation 
The various norms such obtained are proportional as verified on the basis 
elements. 

Furthermore, following always Bargmann's procedure, we can prove the close- 
ness of the operator z and z~^q^^. Moreover we have : 



and 



zfiz)\'=J2\U\'^Pin + l) (51) 



d °° 
\z-'^{z-)f{z)\'=Y.\fn\'m (52) 

'^^ -oo 

Using the two previous equations, we obtain : 

I zfiz) p= q I z-\^^fiz) p (53) 

This proves that the operators a and have the same domain of definition 
and are mutually adjoint 0. 

We have proved the existence of Bargmann representations for the deformed 
oscillator defined by (|I]) and (|^) when 'ipg~i_g^q{N) = (g~^ — q)q~^ . The 
resolution of identity is not unique and is given explicitly by (|23|) , (|^) and 

5.2 Generalization of the previous example 

In this section, we point out some directions to extend the results of the 
previous section when ip[x) is of the form : 

/2p+l \ 

iIj{x) = exp anX^ , a2p+i > (54) 



\ 



A solution of Equation (p5[) is 
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i^(p)=exp( E (55) 



where -B„+i(p) are the Bernouilh polynomials p6[ defined by the difference 
equation: 

Bn{x + l)- Bn{x) = ra"-^ (56) 

The term of highest degree in (|55|) is a2p+ip^^^^/(2p + 1). When p is 
pure imaginary p = ia,a & R, this term is a2p+i{—iy^^cr^^^^/{2p+ 1), 
therefore the inverse Mellin transform of F{p) exists only if p is an even 
number. The function F{x) thus obtained is always real, but not necessarily 
positive. Nevertheless, in specific cases, for example when the exponent in 
( |55D contains only the term of highest degree, F{x) is actually strictly positive 
and the Bargmann procedure works as before. 

Since ip{n + l)/ip{n) grows indefinitely as n ±oo. Equations and 
( |52D imply that the domain of z~^ip{z-^) is included in the domain of z but 
cannot be identical. Nevertheless, the mutual adjointness can be proved on 
the basis, using equation ([3^). 

It is worthwhile to underline that this generalization gives an example where 
the Bargmann representation does not exist, namely when p is odd. 

5.3 The ring case 

Let us consider the simple case ipix) = a+q^ , q > 1, a > 0, that is mainly 
involved in the study of the q-oscillator (P) with non-Fock representations. 
The domain of existence of the coherent states is a <| ^ p. The momentum 
F{n) reads : 

F(n) = / F(x)x"-Ma; (57) 



We first prove that equations (|34D and (|4^) are not equivalent if F{x) is 
positive on the whole positive axis. Indeed, let us start with a solution of 



(H), Equation (j3|) reads : 

r F{x)x''-^dx = (58) 
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that is obviously impossible if F{x) is positive on [q~^a, a]. Therefore in this 
case, the momentums deduced from the weight function solution of (42) are 
not the expected ones (solutions of (0)). Moreover, in 0, we proved that 
the solution of (^) is identically zero. 

Let us look for a solution of(^) that cannot have poles, due to (|33|) : 

F(p+l) = (g'' + a)F(p) (59) 
We have as a convenient particular solution the following entire function : 

F(p) =aP J](l + a-V-P-i) (60) 

p>0 

but it is not a Mellin transform of a true function F{x). Indeed if it has an in- 
verse Mellin transform, it can be calculated on any parallel to the imaginary, 
for instance on Rep = In a/ Ing. On this axis, | F{iy) |> np>o(l ~ so 
that (|60D is not the Mellin transform of a true function. 
Nevertheless, we can write (pOf ) in the form p^ : 



The series is absolutely convergent as g > 1. It is easily verified that this 
expression can be seen as the Mellin transform of the following measure : 

^(^) = E 7 r^^^^(l^ a + In g - In x) (62) 

Therefore, in this case we obtain a Bargmann representation if we accept the 
weight function to be a true measure. 

The same is true when we consider ■ip{x) = l/{q^ + a),q < 1. Equation (^) 
reads : 

Hp + 1) = -^Fip) (63) 

The domain of existence of the coherent states is the disc of radius 1/a. 
We then obtain : 

F(x) = y^- — ^ ; Ina + nlng — Ina;) (64) 

^ ^ ^Jg-l-l)...(g-n-l) ^ 'J ) K J 



16 



In this subsection, we gave examples where the Bargmann representations 
only exist if we admit that the scalar product be expressed bu means of true 
measures. 



6 ij) vanishes 

In this section, we consider two cases where the spectrum of is the set 
iV+ of the positive integers and where the coherent states are defined in the 
whole complex plane. 

6.1 q-oscillators 

The first example corresponds to (|^) with cr = 1 and the second one to (|^) 
with cr = (g — 

a)ip{x) = [x] = {q^ — q~^)/{q — q~^) 

A resolution of the identity was shown to be obtained with a q-integration 



. The q-integration Jq dqX is the inverse operator of the q- derivative 



10 "cj"' 

„^dx _„ — xdx 



Da = ^Jiat vanishes at the origin : 

f = \a ^ = (^"' - ^) E wheng < 1 (65) 



-1 

The q-exponential is defined by : 



7? f \ n 7? f \ Expgjqx) - Expgjq ^x) 

Expq{x} = DqExPq[x) = r- (66) 

x[q — q^^) 

with the condition that it is equal to one when x is zero. This function reads 



E^P.i^) = E ^ (67) 

n>0 ^"'J- 



and vanishes on the negative axis |13]. Denoting by — C the first zero at the 



left of the origin the resolution of identity then reads : 
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/ T f d,p'Exp,{-p') I pe-^' X pe^' \ 2pdp = 1 (68) 

Here we look for a Bargmann representation where the scalar product involves 
a true integral. 

First, it is easy to verify that in this case as in the following, if F verifies (|4^) , 
its Mellin transform is solution of (p5D and the moments are the expected 
ones. In both cases, we choose to define the weight function, not through its 
Mellin transform but directly as solution of (^2]). 
The equation ( ^21) for this particular case reads : 

xF{x) = ^ i -^(^) (69) 

The obvious solution of this equation 

F{x) = Expg{-x) (70) 

is not positive for all positive values of x and the Bargmann representation 
as defined in section 4 does not exist. 

Following the trick used to get we can try to limit the integration to 
the domain where Expq{x) is positive. Let us see if 

F{n) = I"' Expg{-x)x''-^dx (71) 





Expq{-q ^a;)x" ^dx - Expq{-qx)x'^ ^dx = (72) 



could work. Equation (pif ) gives : 

Expa(—q^^x)x^~^dx — I 

The problem is symmetric under the change q into q^^. Let us choose q> 1, 
( |72D takes the form : 

K 

/ (Exj9g(-x)g" + Expq{-qx))x''-^dx = (73) 

The integrand of ( [73D reads {Expg{—x){q"' — x{q — q^^)) + Expq{—q^^x))x"'~^ 
and is positive for n enough large; this leads to Expq{—x){q"' — x{q — q^^) + 
Expq{—q~^x) = 0, that is impossible. 



18 



Therefore in order to obtain a Bargmann representation, we must look for 
another solution of (42) that will be positive. As already noticed, the problem 
being symetric under the change q into q^^, we assume q > 1. Let us start 
with (^)that reads : 



Hp + 1) = ^-^—^ = ^^(1 - Q-'nHp) (74) 

q — q Q — Q 



Let us write F on the form : 

F(p) = </,gf(^-i)(g-g-i)-^/(p) (75) 
The function /(p) must verify 

f{p+l) = {l-q-^P)f{p) (76) 

and is given by : 

The condition F{0) = 1, furnishes the normalization factor : 

-2n \ ~1 



n>0 



g ^)---(l-g 



Putting (^) and (|78D in (^), we obtain -F(p) , and then we can calculate its 
inverse Mellin transform : 



^ exp(-2i^(ln3; + ln(g - q-^) + ^ Ing)^) g-n(2n+i)((g _ g-i)^)-2n 

J- + z^n>o (i_g-2)...(i_g-2n) n>o i-^ y J y J 

(79) 

This function being positive, we have obtained a Bargmann representation 
where the scalar product is written with a true integral. Let us stress that 
F{—x) is solution of (^) and is thus a possible candidate to write the reso- 
lution of identity with a q-integration and a positive function on the whole 
positive axis. 

The same is true for in the next example where two resolutions of the identity 
coexist. 
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b) ^ip^x) = (x) = {q^ — 1), with q> 1 



First we show that the resolution of the identity can be obtained with a 
q-integral as in . 

The q-integration |2^, p4|, is defined to be the inverse of the q-derivative 

q-1 



y X q — l 



dqX 



- 1 



-X 



X 



1 ^ n>0 

The q-exponential, solution of the equation : 

Expq{qx) — Expq{x) 



Expg{x) = DqExpq{x) 



x{q- 1] 



is given by : 



E 



x" 



(80) 



(81) 



(82) 



Expqix) = n (1 + a;(i - 

p>0 n>0 

and vanishes for x = —q^{l — q~^)~^- The nearest zero on the left of the 
origin is —( = —(1 — q~^)'^- Therefore the resolution of the identity takes 
the same form as in (|68D with the new expressions for dqX, Expq and (. 
Let us now look for a Bargmann representation as defined in section 4. We 
see that the equation (^2]) can be written : 

F{q-^x) = {x{q - 1) + l)F(x) 
We easily prove that the weight function is given by 

1 



(83) 



F{x) 



Expq{qx) 



It is a positive function when x > and its Mellin transform fulfills 



F{p+1) 



-Hp) 



(84) 



(85) 



This ensures that the momentum F{n) are the expected one (p2D. Thus, in 
this case, coexist two resolutions of the identity ,one involving a true integral 
and a weight function F{x) = {Expq{qx))~^ and one with a q-integral, the 
weight function being Expq{~x). 
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6.2 = x",n > 

The Mellin transform of the weight function is solution of the equation de- 
duced from (|35|) : 

F(p + 1) = p"F(p) (86) 
and can be expressed with the gamma-function T{z) = e~^t^^^dt : 

Hp) = (r(p))" (87) 

When n is an integer, the inverse Melhn transform gives F[x) 

POO roo 

F{x) = ■■■ e-(*i+-+*")rfti ■ ■ ■ dtj{x - ti X ■ • • X t„) (88) 
Jo Jo 

On this expression, we see that F{x) is a positive function so that the 
Bargmann representation exists. In the case = 1, we recover the usual 
harmonic oscillator where F{x) = e~^. 

7 Conclusion 

We have studied the possibility of Bargmann representations for any de- 
formed oscillator algebra characterized by a function ip. We gave the con- 
ditions to be verified by this function for admitting representations with 
coherent states. We get the unique functional equation to be satisfied by the 
Mellin transform of the weight function defining the scalar product. We were 
able to get definite and positive answer in many cases including in particular 
some types of q-oscillators. Although we cannot succeed to obtain a general 
characterization of the function ip leading to Bargmann representations, we 
underline two points : 

- We exhibit cases where the Bargmann representations do not exist even 
when coherent states do ( subsection (5.2)); 

- The analysis of subsection (5.3) shows that the scope of our study have to 
be extended up to include true measures for writing the scalar product. 
Finally let us remark that we have obtained scalar products for the Bargmann 
representations of the usual q-oscillators, involving true integrals instead of 
q-integrations as previously proposed in literature. 
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